Abstract The fundamental ideas of the applicability of Levi-Malcev Theorem for Bol algebras, which plays a basic role in structural theory are outlined
Introduction
It is well known that Levi-Malcev theorem is valid for Lie algebras and Malcev algebras. But it is not valid for binary-Lie algebras (in classical sense) as well as for Bol algebras. Since the Levi-Malcev theorem plays the basic role in structural theories, it is useful to get some generalized version of such a theorem for Bol algebras. In this report the problem for so-called homogeneous Bol algebras with some examples will be discussed.
Let us note that the problem is important in applications to Differential geometry and Smooth Quasigroups and Loops theory (because that Bol algebra is the proper infinitesimal object for a smooth Bol loop, and any symmetric space, for example, is a smooth Bol loop).
It is also noted that, Bol loops and Bol algebras are significant in Mathematical Physics (chiral anomalies etc.).
Remark: The smooth Bol loops-Bol algebras theory is due to L.V. Sabinin, P.O. Mikheev. See, for example [2] .
General definitions
Let consider (B, ∇) be an affinely connected space with R = 0, and let X(x) be an infinitesimal affine transformation in (B, ∇) that means for every vector field Y ∈ B we have
where L is a Lie differential in the direction of the vector field X. Let us introduce in B a basis of vectori field such that for every X 1 , ·, X n then
and we can have
and identities
is called a Bol algebra.
Let I be an ideal of a Bol algebra V and denote I (1) = (V, I, I) and Definition 6. An arbitrary Bol algebra is said to be homogeneous if its an infinitesimal object for a local analytic Bol loop that posses a G-property.
Indeed we will have the following bilinears and trilinears operations:
ik X j which will verify the identities of the definition of Bol algebras. Let's V be a Bol algebra over the field of characteristic zero and let us assume that in V there is a radical RV and a semisimple subalgebra SM V such that
This implies that
Hence V = RV ⊕ SM V and SM V ∼ = V /RV and the Bol subalgebra SM V is isomorphic to the factor algebra of the algebra V by its radical.
Connversely, if V contains the Bol subalgebra SM V isomorphic to V /RV then the algebra SM V is semisimple. Indeed, SM V ∩ RV = 0 and
Hence, V = SM V + RV. This lead us to state the following theorem: Theorem 2. For every homogenous Bol algebra V over the field of caracteristic zero there exist semi simple sub algebra SM V and a weak radical RV such that V = SM V + RV.
Proof:
Let assume that [RV ] 2 = 0 which means that if the radical is abelian, then RV is a submodule of the module SM V relatively to V by the application exp(adx), where adx is an inner differential of Bol enveloping Lie algebra.
Since [RV ]
2 = 0 then, RV belongs to the kernel of the representation of the Bol algebra V of the defined module RV. Hence we obtain the induced representation of the algebra V = V /RV. We have for the module the following operation: 2 ), and dimV ≤ dimV. By using the induction according to the dimension of the algebra, we can say that the statement is true for the algebra V . Further,
2 ) is a radical for the algebra V and V /RV ∼ = V /RV. Therefore, the algebra V contain the subalgebra SM V ∼ = V /RV as a subalgebra. The algebra V and SM V has the form K/RV where K is the subalgebra of Bol algebra V, containing [RV ] 2 . But, [RV ] 2 is the radical of the Bol algebra K and (K)/[RV ]
2 ) ∼ = (V /RV ) such that dimK ≤ dimV, using the induction we obtain that K contain the subalgebra SM V ∼ = V /RV, hence the result.
Further an example is given with a counter example [7] . For the type I of the classification given in [7] , the Bol algebra have trilinear operation equal to zero and: e 1 · e 3 = e 1 + e 2 e 2 · e 3 = e 2 V · V =< e 1 + e 2 , e 2 > SM V = V < e 1 + e 2 , e 2 > =< e 3 > .
We see in the case
V =< e 1 + e 2 , e 2 > ⊕ < e 3 >
Counter example, let consider the Bol algebras of Type IV in [7] , e 1 · e 3 = xe 1 + pe 2 + e 3 , ∀p, x ≥ 0 (e 1 , e 2 , e 3 ) = e 1 (e 1 , e 3 , e 3 ) = e 1 .
This Bol algebra is not homogeneous. Hence V · V =< e 1 , e 2 , e 3 >= RV SM V = V < e 1 , e 2 , e 3 > =< e 2 , e 3 > .
